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In this paper, we constructed an acoustic thin-shell wormhole (ATW) under neo-Newtonian theory
using the Darmois-Israel junction conditions. To determine the stability of the ATW by applying
the cut-and-paste method, we found the surface density and surface pressure of the ATW under
neo-Newtonian hydrodynamics just after obtaining an analog acoustic neo-Newtonian solution. We
focused on the effects of the neo-Newtonian parameters by performing stability analyses using differ-
ent types of fluids, such as a linear barotropic fluid (LBF), a Chaplygin fluid (CF), a logarithmic fluid
(LogF), and a polytropic fluid (PF). We showed that a fluid with negative energy is required at the
throat to keep the wormhole stable. The ATW can be stable if suitable values of the neo-Newtonian
parameters ς, A, and B are chosen.
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I. INTRODUCTION
Einstein’s general theory of relativity is one of the towering achievements of twentieth-century theoretical physics
and has contributed many important ideas to this field, such as the existence of black holes and compact objects.
The theory of general relativity has also revealed the existence of objects called wormholes that connect two different
regions of the universe [1, 2]. The pioneering work on wormholes was first performed by Morris and Thorne [3, 4],
and then Visser had the brilliant idea of building thin-shell wormholes [4–8] to minimize the negative matter in the
throat. Since Visser‘s novel work, various thin-shell wormholes have been studied [9–41]).
In this study, our aim is to construct acoustic thin-shell wormholes (ATWs) under neo-Newtonian theory. For
this purpose, we briefly study analog gravity, which is a classical Newtonian treatment. The pressure is the main
ingredient of general relativity; indeed, the Newtonian approach is valid only for pressure-less fluids, so that there
is a neo-Newtonian generalization that can incorporate pressure effects. Neo-Newtonian theory gives a first-order
correction, as a result, that is approximately similar to the exact general relativity [46–48]. In the literature, there
are many applications of neo-Newtonian theory that provide interesting ways to study the effects of analog gravity,
such as the Aharonov-Bohm (AB) effect caused by the acoustic geometry of a vortex in the fluid [49]. McCrea
in [42] deduced the neo-Newtonian equations that were later refined in [43]; [44] later obtained a final expression
for the equation of fluid that considers a perturbative treatment of the neo-Newtonian equations (see also [46–48]).
Moreover, [46–48] studied acoustic black holes in the framework of neo-Newtonian hydrodynamics, and [50] analyzed
the effect of neo-Newtonian hydrodynamics on the super-resonance phenomenon.
Analog gravity has led to a number of ideas such as an analog Schwarzschild metric solution known as a canonical
acoustic metric, the Painleve–Gullstrand acoustic metric [51], a rotating analog metric [51–53], and analog Anti-de-
Sitter (AdS) and de Sitter (dS) black hole solutions [56]. In addition, following previous results, Nandi et al. [59]
introduced the concept of acoustic traversable wormholes, using the analogy of acoustic black holes. This technique
was also used to investigate the nature of curvature singularities to study the light ray trajectories in an optical
medium, which are equivalent to the sound trajectories in the acoustic analog. On the other hand, we note a series of
studies that were carried out to calculate the quasi-normal modes, the super-radiance, and the area spectrum [54, 55].
In this article, we study an ATW under neo-Newtonian hydrodynamics, which is a modification of the usual
Newtonian theory that correctly incorporates the effects of pressure. We concentrate on investigating the stability
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2of the ATW using different types of gases, such as a linear barotropic fluid (LBF) [61, 62], a Chaplygin fluid (CF)
[63–66], a logarithmic fluid (LogF) [13, 22], and a polytropic equation of state for the fluid (PF) [67]. The paper is
organized as follows: In Sec. II, we review acoustic black holes under neo-Newtonian theory. In Sec. III, we construct
the ATW and show that an exotic fluid with negative energy is required at the throat to keep the wormhole stable.
In Sec. IV, we investigate the stability analyses using the CF, LogF, and PF. In Sec. V, we discuss our results.
II. ACOUSTIC BLACK HOLES IN NEO-NEWTONIAN THEORY
McCrea [42] and Harrison [43] developed the basic foundations of neo-Newtonian theory in which the effects of
pressure are considered contrary to the Newtonian theory. In this section, we present a brief overview of neo-Newtonian
hydrodynamics and introduce the acoustic black hole metric obtained in [49]. First, we present the neo-Newtonian
equations are given by [42, 43, 45–49, 60]
∂tρi +∇ · (ρi~v) + p∇ · ~v = 0 (1)
and
~˙v + (~v · ∇)~v = − ∇p
ρ+ p
. (2)
Note that ρi is an initial fluid density, p is a pressure and ~v is a flow/fluid velocity. The Eq.(1) and Eq.(2) are the
continuity equation and the Euler equation modified due to gravitational interaction, respectively. It is to be noted
that the newtonian equations are recovered for a small pressure (p ∼ 0).
We assume that the fluid is barotropic, i.e. p = p(ρ), inviscid and irrotational, being the equation of state p = kρn,
with k and n constants. We write the fluid velocity as ~v = −∇ψ where ψ is the velocity potential. Now, we linearise
the equations (1) and (2) by perturbating ρ, ~v and ψ as follows:
ρ = ρ0 + ερ1 + 0(ε
2) , (3)
ρn =
[
ρ0 + ερ1 + 0(ε
2)
]n ≈ ρn0 + nερn−10 ρ1 + ... , (4)
~v = ~v0 + ε~v1 + 0(ε
2), (5)
ψ = ψ0 + εψ + 0(ε
2) , (6)
where ρ is the fluid density. Then the wave equation becomes
− ∂t
{
c−2s ρ0
[
∂tψ +
(1
2
+
ς
2
)
~v0.∇ψ
]}
+∇ ·
{
− c−2s ρ0 ~v0
[(1
2
+
ς
2
)
∂tψ + ς ~v0.∇ψ
]
+ ρ0∇ψ
}
= 0, (7)
where ς = 1 + knρn−10 , that can be given as
∂µ(f
µν∂νψ) = 0. (8)
The Eq. (8) can also be rewritten as the Klein-Gordon equation for a massless scalar field in a curved (2+1)-
dimensional spacetime as follows [46–48]
1√−g ∂µ(
√−ggµν∂νψ) = 0, (9)
where
fµν =
√−ggµν = ρ0
c2s

−1 − (1+ς)2 vx − (1+ς)2 vy
− (1+ς)2 vx c2s − ςv2x −ςvxvy
− (1+ς)2 vy −ςvxvy c2s − ςv2y
 . (10)
So in terms of the inverse of gµν we obtain the effective (acoustic) metric given in the form
gµν =
√
ρ0
c2s + v
2 (ς−1)2
4

−(c2s − ςv2) − (1+ς)2 vx − (1+ς)2 vy
− (1+ς)2 vx 1 + (ς−1)
2
4c2s
v2y − (ς−1)
2
4c2s
vxvy
− (1+ς)2 vy − (ς−1)
2
4c2s
vxvy 1 +
(ς−1)2
4c2s
v2x
 . (11)
3The effective line element can be written as
ds2 =
√
ρ0
c2s + v
2 (ς−1)2
4
[
−(c2s − ςv2)dt2 − (1 + ς)(~v · d~r)dt+ d~r2 +
(ς − 1)2
4c2s
(vydx− vxdy)2
]
. (12)
In polar coordinates (~v = vr rˆ + vφφˆ and d~r = drrˆ + rdφφˆ) we have
ds2 = ρ˜
[
− [c2s − ς(v2r + v2φ)] dt2 − (1 + ς)(vrdr + vφrdφ)dt+ (dr2 + r2dφ2) + (ς − 1)24c2s (vφdr − vrrdφ)2
]
, (13)
where ρ˜ =
√
ρ0
[
c2s + (v
2
r + v
2
φ)
(ς−1)2
4
]−1/2
and neo-Newtonian paramater ς = 1 + knρn−10 . At this point it is appro-
priate to apply the following coordinate transformations
dτ = dt+
(1 + ς)vrdr
2(c2s − ςv2r)
, dϕ = dφ+
ς(1 + ς)vrvφdr
r(c2s − ςv2r)
. (14)
In this way the line element can be written as
ds2 = ρ˜
{
−
[
c2s − ς(v2r + v2φ)
]
dτ2 +
c2s
[
1 + (v2r + v
2
φ)
(
ς−1
2cs
)2]
(c2s − ς v2r)
dr2 − vφ(1 + ς) rdτdϕ
+ r2
[
1 + v2r
(
ς − 1
2cs
)2 ]
dϕ2
}
. (15)
Now considering a static and position independent density, the flow/fluid velocity is given by
~v =
A
r
rˆ +
B
r
φˆ, (16)
which is a solution obtained from the continuity equation and the velocity potential is
ψ(r, φ) = −A ln r −Bφ. (17)
Thus, considering cs = 1 and substituting (16) and (17) into the metric (15) we obtain the acoustic black hole in
neo-Newtonian theory which is given by
ds2 = β1
[
−
(
1− r
2
e
r2
)
dτ2 + (1 + β2)
(
1− r
2
h
r2
)−1
dr2 − 2Bβ3
r
rdτdϕ+
(
1 +
β4
r2
)
r2dϕ2
]
, (18)
where
β1 = (1 + β2)
−1/2
, β2 =
r2e
r2
(
ς − 1
2
)2
, (19)
β3 =
(1 + ς)
2
, β4 =
(
A(ς − 1)
2
)2
. (20)
Note that re is a radius of ergo-region and rh is an event horizon, i.e.,
re =
√
ς(A2 +B2), rh =
√
ς|A|. (21)
Now, the metric (18) can be written in the form of
gµν = β1
 −f 0 −
Bβ3
r
0 (1 + β2)Q−1 0
−Bβ3r 0
(
1 + β4r2
)
 , (22)
4and the inverse of the gµν :
gµν =
β1(1 + β2)
−g
 −
(
1 + β4r2
)
Q−1 0 −Bβ3rQ
0 −gQ(1+β2)2 0
−Bβ3rQ 0 f1Q
 , (23)
where
f1 = 1− r
2
e
r2
, Q = 1− r
2
h
r2
, (24)
−g = (1 + β2)Q
[(
1 +
β4
r2
)
f1 +
B2β23
r2
]
. (25)
Next we consider a general symmetric metric form (18) for B = 0,
ds2 = β1
[
−f(r) dς2 + (1 + β2)
f(r)
dr2 +
(
1 +
β4
r2
)
r2dϕ2
]
, (26)
with
f(r) =
(
1− r
2
h
r2
)
(27)
=
(
1− ς A
2
r2
)
, (28)
or we can write it in more compact form as follows:
ds2 = −F dς2 + Gdr2 +Hdϕ2, (29)
where F = √β1f(r) , G = √β1(1+β2)f(r) and H = √β1r2(1 + β4r2 ).
III. CONSTRUCTION OF THIN-SHELL WORMHOLES IN NEO-NEWTONIAN THEORY
In this section, we construct the thin-shell wormholes in neo-Newtonian theory by using the metric (29). To
construct the wormhole, we use the cut and paste technique [37, 39–41]. First, we choose two identical regions
M (±) =
{
r(±) ≥ a, a > rh
}
, (30)
in which a is chosen to be greater than the event horizon rh. If we now paste these regular regions at the boundary
hypersurface Σ(±) =
{
r(±) = a, a > rH
}
, then we end up with a complete manifold M = M+
⋃
M−. In accordance
with the Darmois–Israel formalism the coordinates on M can be choosen as xα = (t, r, θ, φ). On the other hand for
the coordinates on the induced metric Σ we write ξi = (τ, θ, φ). Finally for the parametric equation on the induced
metric Σ we write
Σ : R(r, τ) = r − a(τ) = 0. (31)
Note that in order to study the dynamics of the induced metric Σ, in the last equation we let the throat radius
of the wormhole to be time dependent by incorporating the proper time on the shell i.e., a = a(τ). For the induced
metric we have the spacetime on the shell
ds2Σ = −dτ2 + a(τ)2dφ2. (32)
The junction conditions on Σ reads
Sij = − 1
8pi
([
Kij
]− δij K) . (33)
5Note that in the last equation Sij = diag(−σ, p) is the energy momentum tensor on the thin-shell, on the other
hand K, and [Kij ], are defined as K = trace [K
i
i] and [Kij ] = Kij
+ −Kij−, respectively. Keeping this in mind, we
can go on by writing the expression for the extrinsic curvature Kij as follows
K
(±)
ij = −n(±)µ
(
∂2xµ
∂ξi∂ξj
+ Γµαβ
∂xα
∂ξi
∂xβ
∂ξj
)
Σ
. (34)
The unit vectors nµ
(±), which are normal to M (±) are choosen as
n(±)µ = ±
(∣∣∣∣gαβ ∂R∂xα ∂R∂xβ
∣∣∣∣−1/2 ∂R∂xµ
)
Σ
. (35)
nt = ∓a˙
√GF , (36)
nr = ±
√
G[1 + a˙2G]. (37)
Then, the extrinsic curvature is given by [37, 39–41]
K±ττ = ∓
√G
2
√
1 + a˙2G
{
2a¨+ a˙2
[F ′
F +
G′
G
]
+
F ′
FG
}
, (38)
K±θθ = ±
H′
2H
√
1 + a˙2G
G , (39)
Using the definitions [Kij ] ≡ K+ij − K−ij , and K = tr[Kij ] = [Kii], and the surface stress–energy tensor Sij =
diag(σ, p) it follows the Lanczos equations on the shell
−[Kij ] +Kgij = 8piSij . (40)
Note that for a given radius a, the energy density on the shell is σ, while the pressure p = pθ. If we now combine
the above results for the surface density [37, 39–41]
σ = − 1
8pi
H′
H
√
1 + a˙2G
G , (41)
and the surface pressure
p =
1
8pi
√ G
1 + a˙2G
{
2a¨+ a˙2
[F ′
F +
G′
G
]
+
F ′
FG
}
. (42)
Since we are going to study the wormhole stability at a static configuration we need to set a˙ = 0, and a¨ = 0. For
the surface density in static configuration it follows that
σ0 = − 1
8pi
H′
H√G , (43)
and similarly the surface pressure
p0 =
1
8pi
F ′
F√G . (44)
It’s obvious from Eq. (43) that the surface density is negative, i.e. σ0 < 0, which implies that the weak and
dominant energy conditions are violated.
6IV. STABILITY ANALYSIS
In this section we are going to analyze the stability of the WH. Starting from the energy conservation it follows
that [37, 39–41]
−∇iSij =
[
Tαβ
∂xα
∂ξj
nβ
]
, (45)
d
dτ
(σA) + pdA
dτ
= − a˙σA
2
[F ′
F +
G′
G +
H′
H −
2H′′
H′
]
, (46)
where A is the area of the wormhole throat. By replacing σ(a) we can find the equation of motion as follows
a˙2 = −V (a), (47)
with the potential
V (a) =
1
G −
[
8piλ
H
H′
]2
. (48)
In order to investigate the stability of WH let us expand the potential V (a) around the static solution by writing
V (a) = V (a0) + V
′(a0)(a− a0) + V
′′(a0)
2
(a− a0)2 +O(a− a0)3. (49)
The second derivative of the potential is
V ′′(a0) = −
FF ′G′ + 2G {F ′2 −FF ′′}
2F2G2 + ψ
′H [2GH′′ − G′H′]− 2GH′2
2G2H2 . (50)
where we have introduced ψ′ = p′/σ′.
The wormhole is stable if and only if V ′′(a0) > 0. The equation of motion of the throat, for a small perturbation
becomes
a˙2 +
V ′′(a0)
2
(a− a0)2 = 0. (51)
Noted that for the condition of V ′′(a0) ≥ 0, WH is stable where the motion of the throat is oscillatory with angular
frequency ω =
√
V ′′(a0)
2 . In this work we are going to use five different models for the fluid to explore the stability
analysis; the LBF [61, 62], the CF [63–66], the LogF [13, 22] and finally PF [67].
A. Stability analysis of ATW via the LBF
In our first case, we choose the LBF with the equation of state given by [61, 62]
ψ = ωσ, (52)
it follows that
ψ′(σ0) = ω. (53)
Note that ω is a constant parameter. In order to see more clearly the stability we show graphically the dependence
of ω in terms of a0 for different values of the parameter ς, A and B in Fig.1.
7FIG. 1: Here we plot the stability regions for the LBF as a function of ω and radius of the throat a0.
B. Stability analysis of ATW via the CF
According to the CF, we can model the fluid with the following equation of state [63–66]
ψ = ω
(
1
σ
− 1
σ0
)
+ p0, (54)
to find
ψ′(σ0) = − ω
σ20
. (55)
To see the stability regions let us show graphically the dependence of ω in terms of a0 for different values of the
parameter ς, A and B, given in Fig.2.
C. Stability analysis of ATW via the LogF
Our next example is the LogF [13, 22], with the equation of state
ψ = ω ln
(
σ
σ0
)
+ p0, (56)
8FIG. 2: Here we plot the stability regions via the CF as a function of ω and radius of the throat a0.
then
ψ′(σ0) =
ω
σ0
. (57)
For detailed information we can show graphically the dependence of ω in terms of a0 by choosing different values
of the parameter ς, A and B, in Fig.3.
D. Stability analysis of ATW via PF
The equation of state for the fluid according to the PF can be written as [67, 68]
ψ = ωσγ , (58)
It follows that
ψ′(σ0) = ω γ σ
γ−1
0 . (59)
9FIG. 3: The stability regions as a function via the LogF of ω and radius of the throat a0, in which we have choosen three
different values ς, A and B.
For detailed information we plot ω in terms of a0 by choosing different values of the parameter ς, A and B, as
shown in Fig.4.
V. CONCLUSION
In this paper, we constructed a new ATW in the context of neo-Newtonian hydrodynamics, which is a modification
of the usual Newtonian theory that correctly incorporates the effects of pressure. We used a cut-and-paste technique
to join together two regular regions, and then we computed the analog surface density and surface pressure of the
fluid. The stability analyses were carried out using an LBF, CF, LogF, and PF to show that the ATW can be stable
if one chooses suitable values of the parameters ς, A, and B. In Fig. 1, after we chose specific values of ς as 1.5, 1.9,
and 5 with A = B = 1 and ς = 1.5 with A = 2.4 and B = 1, we showed that the stability region (S) for the ATW is
supported with the LBF. The sizes of the stability regions decrease with increasing values of ς and A. In Fig. 2, we
chose values of ς as 1.5, 1.9, and 5 with A = B = 1 and ς = 1.5 with A = 2.4 and B = 1 to show the effect of the CF
on the ATW. Then, in Fig. 3, we chose the same parameters again, but we used different fluids, such as the LogF,
10
FIG. 4: Here we plot the stability regions via the PF as a function of ω and radius of the throat a0 for the parameter γ = 1.1.
to show that the stability regions change with varying values of the parameters ς and A. Lastly, we used the PF to
show the stability regions, using the same parameters. Increasing values of the neo-Newtonian parameter ς decrease
the sizes of the stability regions. Thus, we noted that the effects of pressure influence the stability of the model. We
showed that fluids with negative energy are required at the throat to keep the wormhole stable, leading us to conclude
that ς is the most critical factor for the existence of a stable ATW.
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